ABSTRACT. In this paper, we characterize the finite commutative rings such that their comaximal graph (or zerodivisor graph) are ring graphs, and we also study the case where they are outerplanar.
(iii) G satisfies PCP and G does not contain a subdivision of K 4 as a subgraph.
Thus, every ring graph is planar. Moreover, in [7] , the authors also showed that every outerplanar graph is a ring graph. Recently, in [1], the present authors investigated when the unit, unitary and total graphs are ring graphs, and also studied when these graphs are outerplanar. In this paper, we answer these questions for comaximal and zero-divisor graphs. Now, we review some background of graph theory from [6] . An undirected graph is an outerplanar graph if it can be drawn in the plane without crossings in such a way that all of the vertices belong to the unbounded face of the drawing. There is a characterization of outerplanar graphs that says a graph is outerplanar if and only if it does not contain a subdivision of the complete graph K 4 or the complete bipartite graph K 2, 3 . Clearly, every outerplanar graph is planar.
Throughout the paper, R is a finite commutative ring with nonzero identity. Also, we denote the set of all unit elements and zerodivisor elements of R by U (R) and Z(R), respectively. For simplicity of notation, in the quotient ring K[x]/I, we denote the coset x + I by X.
Ring graphs and outerplanar Comaximal graphs. In [9],
Sharma and Bhatwadekar defined the comaximal graph of a commutative ring R, denoted by Γ ′ (R), with vertices all elements of R and two distinct vertices a and b are adjacent if and only if aR + bR = R. In [8, 10, 12], a subgraph of the comaximal graph, denoted by Γ 2 (R), with non-unit elements of R as vertices, was studied. By [12, Corollary 5.3], we have that the comaximal graph Γ ′ (R) is planar if and only if R is isomorphic to one of the following rings:
In order to characterize all finite rings R such that Γ ′ (R) is a ring graph, we need only check the planar comaximal graphs. 
Proof. At first, we assume that Γ ′ (R) is a ring graph. Since every ring graph is planar, we have Γ ′ (R) is planar. Thus we have the following cases:
It is easy to see that Γ ′ (Z 2 ) and Γ ′ (Z 3 ) are complete graphs with 2 and 3 vertices, respectively. Thus, they are ring graphs.
Case 2. R
. For these rings, by Figures 1  and 2 , we have rank (Γ ′ (R)) = frank (Γ ′ (R)) = 2.
Case 3. R ∼ = F 4 . In this case, Γ ′ (F 4 ) is a complete graph with 4 vertices, and so it is isomorphic to K 4 , which implies that Γ ′ (F 4 ) is not a ring graph. (1, 2) } is a complete graph, and so Γ ′ (R) is not a ring graph.
, and so it is not a ring graph.
The converse statement follows easily.
Theorem 2.2. Γ ′ (R) is outerplanar if and only if it is a ring graph.
Proof. Suppose that Γ ′ (R) is outerplanar. Since outerplanar graphs are ring graphs, by Theorem 2.1, R is one of the following rings:
Now, by Figures 1, 2 and 3, one can easily see that Γ ′ (R) is outerplanar.
Conversely, if R is one of the rings
In the rest of this section, we study the case where Γ 2 (R) is a ring graph and outerplanar. It is easy to see that, if R is local, then Γ 2 (R) is a totally disconnected graph. Hence, without loss of generality, we may assume that R is not local. In [12, Corollary 6.3], it was proved that Γ 2 (R) is planar if and only if R is isomorphic to one of the following rings:
In the following theorem, we determine all non-local finite rings R such that Γ 2 (R) are ring graphs.
Theorem 2.3. The graph Γ 2 (R) is a ring graph if and only if R is isomorphic to one of the following rings:
. Also, it is clear that 0 is an isolated vertex in Γ 2 (R). Thus, we focus on the induced subgraph of Γ 2 (R) with vertices Z(R) \ {0}.
First, assume that Γ 2 (R) is a ring graph. Since every ring graph is planar, we have Γ 2 (R) is planar. Thus we have the following cases:
, and so it is a star graph. Hence, Γ 2 (R) is a ring graph.
} is a complete bipartite graph which is isomorphic to K 2,q−1 . Since the primitive cycles of this graph have length 4, we have that frank (Γ 2 (R)) = (q − 1)(q − 2)/2. On the other hand, rank (Γ 2 (R)) = q − 2. Therefore, rank (Γ 2 (R)) = frank (Γ 2 (R)) if and only if (q − 1)/2 = 1 or q = 2. So rank (Γ 2 (R)) = frank (Γ 2 (R)) if and only if q = 2 or q = 3. Hence,
. Now the induced subgraph Γ 2 (R)\{(0, 0)} on Z(R)\{(0, 0), (2, 0)} is a complete bipartite graph which is isomorphic to K 2,2q−2 . Since the primitive cycles of this graph have length 4, frank (Γ 2 (R)) = (q − 1)(2q − 3). Also, rank (Γ 2 (R)) = 2q − 3. Hence, Γ 2 (R) is a ring graph if and only
The vertex (X, 0) is an isolated vertex in Γ 2 (R) \ {(0, 0)}, and the induced subgraph of Γ 2 (R) with vertices Z(R) \ {(0, 0), (X, 0)} is isomorphic to K 2,2q−2 . Clearly, frank (Γ 2 (R)) = (q − 1)(2q − 3). Also, ran (Γ 2 (R)) = 2q − 3. Hence, Γ 2 (R) is a ring graph if and only if (1, 2) , (2, 2)}. The vertex (0, 2) is an isolated vertex in Γ 2 (R) \ {(0, 0)}, and the induced subgraph of Γ 2 (R) with vertex set Z(R) \ {(0, 0), (0, 2)} is isomorphic to K 2,4 . So, frank (Γ 2 (R)) = 6. Also, rank (Γ 2 (R)) = 3. Hence, Γ 2 (R) is not a ring graph.
is an isolated point in graph Γ 2 (R) \ {(0, 0)}, and the induced subgraph Γ 2 (R) \ {(0, 0)} on Z(R) \ {(0, 0), (0, X)} is a complete bipartite graph which is isomorphic to K 2,4 . So, frank (Γ 2 (R)) = 6. Also, rank (Γ 2 (R)) = 3. Hence, Γ 2 (R) is not a ring graph. Figure 6 , we have frank (Γ 2 (R)) = rank (Γ 2 (R)) = 1. So Γ 2 (R) is a ring graph.
Theorem 2.4. Γ 2 (R) is outerplanar if and only if it is a ring graph.
Proof. Suppose that Γ 2 (R) is outerplanar. Since an outerplanar graph is a ring graph, by Theorem 2.3, R is one of the following rings:
and one can easily check that Γ 2 (R) is outerplanar.
The converse statement is clear.
Ring graphs and outerplanar zero-divisor graphs. The zero-divisor graph Γ(R) is a graph with vertex set Z(R) \ {0}
and two distinct vertices a and b are adjacent if and only if ab = 0. The planarity of Γ(R) was studied in [2, 3, 4, 11]. In this section, we investigate all finite commutative rings R such that their zero-divisor graphs are ring graphs and also outerplanar.
Theorem 3.1. Let R be a finite ring and F a finite field. Then the zero-divisor graph Γ(R) is a ring graph if and only if R is isomorphic to one of the following rings:
Proof. Let R be a finite ring. Then R ∼ = R 1 × R 2 × · · · × R n , for some n 1, and each R i is a local ring. Now, we consider the following cases: Case 1. n 4. In this case, as was shown in [2, 3], Γ(R) is not planar, which implies that Γ(R) is not a ring graph.
Case 2. n = 3. In [2, 3], it was proved that Γ(R) is planar if and only if
does not satisfy PCP, and thus it is not a ring graph. In [2, 3] , it was shown that Γ(R) is planar if and only if R is isomorphic to one of the following rings:
where |Z(R 2 )| 3. So, we have the following situations:
(i) R is isomorphic to one of the following rings:
It is easy to see that
Let R = Z 2 × Z 8 . Then, by Figure 5 , we can easily find a subdivision of
2 − 2)) are not ring graphs. 
). Now, by Figure 6 , we have Γ(Z 2 × Z 4 ) and Γ(Z 2 × Z 2 [x]/(x 2 )) are ring graphs. Also, by Figure 7 , the two graphs Γ(Z 3 × Z 4 ) and Γ(Z 2 × Z 2 [x]/(x 2 )) do not satisfy the PCP, and so they are not ring graphs.
). So, by Figure 8 , the graphs Γ(Z 2 × Z 9 ) and Γ(Z 2 × Z 3 [x]/(x 2 )) are ring graphs. Now, consider the two cycles (1, 0) − (0, 1) − (2, 0) − (0, 2) − (0, 1) and
, respectively, to deduce that these zerodivisor graphs do not satisfy PCP, and so they are not ring graphs.
Case 4. n = 1. In this case, R is a local ring. Note that, if R is a field, then Γ(R) is an empty graph. Thus, without loss of generality, we may assume that R is not a field. In 
By Figure 12 , we have
and so Γ(Z 2 [x, y]/(x 2 , y 2 )) is a ring graph. By Figure 15 , the graph Γ(Z 4 [x]/(x 2 − 2x)) has a subdivision of K 4 , and so it is not a ring graph. The converse statement is provided straightforward. Now, since every outerplanar graph is a ring graph and we determined all finite commutative rings with ring graph zero-divisor graphs, one can establish a characterization for all finite commutative rings such that their zero-divisor graphs are outerplanar. Note that, in view of the proof of Theorem 3.1, one can easily check that among all zero-divisor graphs which are ring graphs, the zero-divisor graph of the rings: , contain a copy of K 2,3 , and so they are not outerplanar. Therefore, we have the following result.
